We study holographic renormalization of 3D minimal massive gravity using the Chern-Simons-like formulation of the model. We explicitly present GibbonsHawking term as well as all counterterms needed to make the action finite in terms of dreibein and spin-connection. This can be used to find correlation functions of stress tensor of holographic dual field theory.
Introduction
Topologically massive gravity (TMG) is a three dimensional gravity whose action consists of Einstein gravity with a cosmological constant plus the gravitational Chern-Simon term [1, 2] . The model has two free parameters (cosmological constant and the coefficient of Chern-Simon term) and for generic values of the parameters the corresponding equations of motion admit several solutions including AdS, BTZ and warped AdS black holes solutions [3] [4] [5] [6] . It is, however, known that TMG suffers from the fact that the energy of graviton and the mass of BTZ black holes cannot be positive at the same time (see e.g. [7] ).
In order to circumvent the above problem, the authors of [8] , proposed a new model, named Minimal Massive Gravity (MMG), which is a consistent ghost free and nontachyonic three dimensional theory. Indeed the proposed model which is a natural extension of TMG has one more tunable parameter, though the same as TMG, it has a single massive mode above a flat space or an AdS vacuum.
A peculiar feature of MMG is that it does not have an action in the metric formulation, though it is possible to wire an action in terms of dreibein. More precisely the Lagrangian 3-form of MMG is [8] L(e, ω, h) = −σe · R(ω) + Λ 0 6 e · e × e + h · T (ω) + 1 2µ
where σ is a sign, Λ 0 is a cosmological constant, e and ω are dreibein and dualised spinconnection, respectively. µ is a mass parameter of the model. Moreover in terms of these variables the Lorentz covariant torsion and curvature 2-forms are given by
Here h is an extra field that for α = 0 case it may be thought of as a Lagrange multiplier to impose the zero torsion constraint. Indeed in this case the model reduces to the TMG model. To explore different properties of the model, it is useful to obtain equations of motion derived from the action (1.1). It is, however, important to note that in order to find the equations of motion one should make sure that the boundary terms appearing due to the variation of the action could consistently be removed from the variation. This may be done by imposing proper boundary conditions or/and adding certain boundary terms. It is indeed the aim of this paper to explore this point for MMG model using the holographic renormalization method [9] .
We note, however, that since the model does not have an action in the metric for-mulation one needs to study holographic renormalization of the MMG model in terms of its Chern-Simons like formulation. Holographic renormalization for 3D Einstein gravity and 3D topologically massive gravity in driebein formalism have been studied in [10, 11] and [12, 13] , respectively 1 .
Different aspects of MMG model have been studied in e.g. [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . In particular it was shown that the model has a critical point at which it exhibits logarithmic solutions. The corresponding solution may provide gravitational descriptions for dual logarithmic conformal field theories. Using the procedure developed [27] two point functions of stress energy and its logarithmic partner have been obtained in [19] where the new anomaly has also been read from the expressions of the corresponding two point functions. Here we will re-derive these results rather rigorously using the holographic renormalization method. To do so, we will have to carefully study variational principle of the model and moreover to find any possible counterterms necessitate to make the model finite.
The paper is organized as follows. In the next section we will consider asymptotic analysis of the equations of motion of MMG model in the first order formalism. This study can be used to examine the validity of the variational principle of the model which is considered in section three. In section four we will study the on-shell action of the model where we will obtain the necessary counterterms to make the action finite. Using the resultant finite on-shell action at the critical point we will obtain two point functions of holographic stress tensor and its logarithmic partner in section five. The last section is devoted to conclusions.
Asymptotic analysis
In this section we would like to further study asymptotic behavior of the linearized equations of motion of MMG model. The linearized equations of motion of the MMG model above an AdS vacuum in the first order formalism have been considered in [8] . In what follows we will first review the the relevant part of the paper [8] and then we will solve the corresponding equations asymptotically in the Fefferman-Graham gauge.
To proceed we note that although for generic α = 0 the torsion T (ω) is non-zero, one may define a new torsion free spin connection Ω = ω + αh by which the Lagrangian 3-form (1.1) reads [8] L(e, Ω,
In this notation, assuming to have a well defined variation principle, the corresponding equations of motion are
2)
Here the covariant derivative is defined by DA = dA + Ω × A. Using the equations of motion for Ω and h one can see that Ω is a torsion free spin-connection,
by which the other equations of motion may be recast into the following forms
These equations of motion exhibits an AdS vacuum solution with radius l which can be given in terms of the parameters of the action as follows
(2.5)
Note that for this solution one also gets h = Cµe. It is then natural to study small fluctuations above this solution. Denoting the vacuum solution byē,Ω,h, then a general perturbation may be written as 6) where k, v and p are small perturbations of e, Ω and h respectively. Plugging this anstatz into the equations of motion given by (2.3) and (2.4) and using (2.5) one arrives at
where M = µ(σ(1 + σα) − αC). Now the aim is to solve these linearized equations. To do so we will proceed as follows. By making use of the first equation in (2.7) one can find v in terms of k. More precisely one has
Note that this expression is exactly the same as that for 3D Einstein gravity [28] . This is due to the fact that the first equation in (2.7) is, indeed, the torsionless condition appearing in both models. Solving the second equation of (2.7) for p gives
where v is given by (2.8) . Finally utilizing the expressions of v and p and from the last equation of (2.7) one arrives at
that is a third order differential equation for k. This equation should be compared with the third order differential equation obtained in [8] for k µν =ẽ a µ k νa where it was shown that the corresponding equation can be factorized into three first order differential equations. Of course since we are interested in the holographic renormalization of the model in the dreibein formulation in what follows we will directly work with k a µ fields. Moreover in the context of holographic renormalization it is more appropriate to work in the Fefferman-Graham coordinates.
Actually an asymptotically locally AdS geometry in the Fefferman-Graham (FG) coordinates may be given as follows
It can be verified that a dreibein which could reproduce the above metric in the FG gauge has the following structure [12] Here we are using a notation in which x µ = (r, x i ) and x i ≡ (u, v). For the vacuum AdS 3
2 For simplicity from now on we set l = 1. 
On the other hand for perturbations in spatial directions, g ij = η ij +h ij , the corresponding perturbations of dreibein respecting the FG gauge are given by
Having expressed the FG gauge in the dreibein formalism it is important to make sure that it has the right number of independent components. Naively from the above expression it seems that k a i has four independent components. We note, however, that from the integrability conditions of the equations (2.7) as well as the explicit form of the equation (2.10) one can show that both p µν =ē a µ p νa and k µν =ē a µ k νa are symmetric tensors indicating that the actual number of independent components are three.
More precisely from the linearized equations of motion (2.7) and using the symmetries of the background AdS 3 geometry and integrability conditions one gets 16) where by "prime" we denote a derivative with respect to radial coordinate r. In fact writing down different components of (2.10) in terms of k a i gives the following equations 3 We would like to thank Wout Merbis for a discussion on this point.
up to an overall factor of
So far we have presented the full linearized gauged fixed equations of motion of small fluctuations above an AdS vacuum of the MMG model. In what follows we shall study their asymptotic solutions which can be used to determine divergent terms appearing in the on shell action. This analysis, in turns, may be used to fix the boundary terms needed to have a well-imposed variational principle.
To proceed we solve the equations (2.16) and (2.17) order by order in r near the boundary at r = 0. Motivated by the pp-wave solution of the model [19] , we consider the following near boundary expansions for the field k
v r log(r) +φ
Plugging these expressions into the equations (2.16) and (2.17) and assuming (1+σα) = 0 one may solve the equations as follows. Indeed from the equation (2.16) at log(r)/r order one gets
while at 1/r 2 order from (2.16) and the fifth equation in (2.17) one finds respectively
On the other hand at log(r) order from the second and third equations of (2.17) one has
Moreover from the equation (2.16) and the first, second, third, forth ,fifth and the last equations of (2.17) at order 1/r, one finds respectively
Finally from the first, second, third, forth and the last equations of (2.17) at order of one, we find respectively
Now the aim is to solve these equations to find different components appearing in the asymptotic expansions (2.18). In particular for the cases of (α = 0, µ → ∞) and (α = 0, µ → ∞) where M → ∞ from equations (2.19)-(2.23) one arrives at
It is worth noting that these results are in agreement with that obtained from metric formulation for 3D Einstein gravity [29] . Note also that since the MMG model without the Chern-Simons term is the same as 3D Einstein gravity, these results show that adding α-term would not change the content of the 3D Einstein gravity.
On the other hand for α = − 2 µ
(1 + µσ) where one has M = −1, from the above equations, one gets
v =χ
Here we have used the identity R[
u .
Variational Principle
In the previous section we studied asymptotic solutions of the linearized equations of motion of the MMG model. Of course the results rely on the fact that the model admits a well-imposed variational principle. This procedure requires proper boundary terms to make sure that all boundary terms can be consistently removed. In this section we would like to reexamine the variation of the action leading to the corresponding equations of motion.
To proceed let us consider the action of the MMG model (2.1) whose variation with respect to the fields e, Ω and h are given by
Using the Stokes' theorem 4 the corresponding boundary terms appearing in the above variation may be recast to the following form
where we have used δh = Cµδe + δp from Eq.(2.6). From the equations (2.8) and (2.9) one observes that the first and second radial derivative of the driebein appear in the boundary terms. Hence, imposing the Dirichlet boundary condition is not enough to remove all boundary terms. Indeed this is expected simply because even in the Einstein gravity one needs to add a proper Gibbons-Hawking term. In our notation the corresponding Gibbons-Hawking term is
whereẽ andΩ are boundary driebein and spin connection respectively. We note, however that, as it is evident from Eq.(3.2), the above Gibbons-Hawking term is not sufficient to have a well-defined variational principle and, indeed, more boundary terms are needed. 4 The normal vector to the boundary is n µ = (− Of course, in general, determining these extra terms is not an easy task. Nonetheless for the model under consideration and for particular values of the parameter, one can fix the boundary terms as follows. Before proceeding, it is illustrative to take a closer look at the boundary term containing the variation of δΩ a j in (3.2) which includes a variation of radial derivative of driebein. In the framework of the metric formulation it also contains a variation of radial derivative of boundary metric, δ∂ r g ij . Let us first consider the case of α = 0, where MMG reduces to TMG. In this case utilizing the metric formulation of TMG it was shown that the contribution of Chern-Simons action (CS) to the coefficient of δ∂ r g ij vanishes for asymptotically locally AdS space-times (AlAdS) [30] . However, one can see that in the driebein formulation the contribution of CS action to the coefficient of δΩ a j remains non-zero. This is, indeed, due to the fact that the variation of the CS action in metric and driebein formalisms are different by certain boundary terms (see Eq.(3.23) of Ref. [30] ). Therefore to have a well-defined variational principle for TMG in driebein formalism, besides the standard Gibbons-Hawking term (3.3), one needs to add extra boundary terms.
It is worth noting that recently the variational principle of TMG for AlAdS spacetimes in driebein formalism is studied in Ref. [13] . There it is shown that just half of the standard Gibbons-Hawking term (3.3) should be added to the action in order to have a well-defined variational principle. Actually as it is discussed in Refs. [11, 31] there are two possible ways to make the variational principle well defined in dreibein formalism for AlAdS space-times. In the first way (the standard case) one imposes the standard Dirichlet boundary condition on the driebein. In the second way we should impose mixed boundary conditions on both boundary drebein and its first radial derivative. The study in Ref. [13] is based on the second option while in this paper we used the first option for AlAdS space-times. Of course when α = 0, the coefficients of δΩ a j and δp a j remain non-zero for AlAdS space-times. In this case one can remove the σ-term in coefficient of δΩ a j by adding the standard Gibbons-Hawking term (3.3). Therefore when α = 0, one needs extra boundary terms to have a well-defined variational principle for AlAdS space-times.
In this paper our main interest is the case M = −1, where the model exhibits logarithmic solutions. For this case to determine the solution we will have to know the values of driebein and its first radial derivative at the boundary. Therefore a well-imposed variational principle occurs by imposing boundary conditions on driebein and its first radial derivative, simultaneously. Note that this is not the same as that in Ref. [13] . This is because in that work the variational principle is studied for AlAdS space-times while the logarithmic solutions are not AlAdS space-times. With this treatment although δΩ a j contains the first radial derivative, the corresponding term does not invalidate the modified variational principle. Nonetheless one still needs to deal with the last term in Eq. (3.2) that contains the variation δp a i . Actually we note that different components of p a i contain the second radial derivative of driebein and thus have a potential to invalidate even the modified variational principle. More precisely one has
Therefore the corresponding terms which could invalidate the modified variational principle are
By making use of the asymptotic analysis given in the equation (2.25) we get the following asymptotic behavior for k
u r log(r) + ϕ
v r log(r) + ϕ
Plugging these asymptotic expressions in (3.5) and using Eqs.(3.4), (2.8) and (2.9) one arrives at
showing that the boundary terms (3.5) vanish near the boundary and thus would not invalidate the modified variational principle. To summarize, we note that for the MMG model at the critical point one just needs to add the usual Gibbons-Hawking term to have a well-defined modified variational principle. Of course to find a finite on-shell action we will have to add certain counterterms which we will discuss in the following section.
MMG On-Shell Action
In this section we would like to compute the on-shell action from which one may evaluate the expectation values of boundary operators using AdS/CFT correspondence. In this context, higher order correlation functions can also be obtained by differentiating the on-shell action with respect to the boundary sources.
Using the results of the previous section the total action of MMG is given by
which is guarantied that the model has a well defined variational principle. Nonetheless it is however important to note that even with the Gibbons-Hawking term the on-shell action might diverge and in order to remove the divergent terms one needs to add proper boundary counterterms. This is the aim of this section to determine the divergent terms and then the proper boundary counterterms.
To regularize the on-shell action one can introduces a UV cut-off at r ≥ ǫ and finds the corresponding boundary terms at r = ǫ. Let us expand the regularized on-shell action in power of the fields as follows
where by S (0) , S (1) and S (2) are zeroth order (background), linearized and quadratic actions of the perturbations, respectively. It is then straightforward, though tedious, to compute divergent terms of each part. The final results may be summarized as follows
3)
log(ǫ)/ǫ + log(ǫ)S (1 + µσ)), separately. Actually for the cases (α = 0, µ → ∞) and (α = 0, µ → ∞), from the explicit expressions given in the appendix B one gets 5 ,
1/r = 2σφ
Hence, the proper boundary counterterms needed to remove these divergent terms are
where
is scalar curvature of 2D boundary geometry. Then the renormalized on shell action becomes 6) in agreement with Ref. [29] where the corresponding renormalized on-shell action has been found in the metric formalism. It is worth noting that the form of divergences as well as the renormalized on-shell action for both cases (α = 0, µ → ∞) and (α = 0, µ → ∞) are the same; indicating that these two models might have the same physical contents. On the other hand using the expressions presented in the appendix B for α = − 2 µ
(1 + µσ) one arrives at
log(r) = −
1/r = 5µσ + 1 2µφ
log(r)/r = −
log(r) = (µσ + 1) µ(2 + µσ) 2
1/r = 7σµ
Before proceeding to write proper counterterms to remove the above divergent terms, let us explore certain features of these divergent terms. We note that although for σ = −1, µ = 1 the equations of motion of critical MMG reduce to that of TMG at the critical point, the above divergent terms which are obtained in the driebein formalism do not reduce to divergent terms obtained from the metric formalism [32] . This may be understood as follows. Actually the Chern-Simons action in the driebein formalism differs from Chern-Simons action in the metric formalism by certain terms whose variations are boundary terms. Therefore their on-shell values should also be different by these boundary terms (see e.g [30] ). We note also that the above divergent terms contain several terms such as χ
v , whose corresponding counterterms needed to remove them include the driebein as well as its radial derivative. Of course these types of boundary counteretrms are not allowed for pure 3D Einstein gravity, though they are consistent with MMG at the critical point, as discussed in section 3.
Finally as it is evident from expressions of (4.7) for a fixed value of µ, the divergent terms change as one changes σ = 1 to σ = −1. Therefore the corresponding counterterms should be considered separately. Actually it can be seen that in order to remove divergent 6 For this case we have Λ 0 = 1 2 µ(µσ + 3) and C = terms coming from the zeroth and first order of the perturbations one needs to add the following counterterms
while the proper counterterms required to remove the divergent terms at second order of perturbations for σ = −1 are given by
However, for σ = 1 they are Adding these counterterms to the on-shell action, all divergent terms given in the equation (4.7) will be removed leading to the following renormalized on-shell action
It is worth noting that the above counterterms contain the first and second radial derivatives of the perturbations which in general could destroy the variational principle. We note, however, that following our discussions in the previous section the first radial deriva-tive can be accommodated by the modified boundary condition at the critical point and moreover it can be shown that those terms with the second radial derivative vanish as one approaches the boundary. Therefore the resultant counterterms are consistent with our variational principle.
Correlation Functions
Having found the renormalized on shell action it is now possible to compute correlation functions of the holographic stress tensor. Following AdS/CFT correspondence the nonnormalizable modes of a bulk field can be identified as a source for a dual operator. Moreover the n th correlation functions of the dual operator can be evaluated by taking n th functional derivative of the on shell action with respect to the source.
In the present case the corresponding sources are ϕ
v and χ
u and therefore one point functions of the associated dual operators are given by 8 .
Here we have use the fact that e
u . Using the explicit form of the on-shell action given in the equation (4.11) one can evaluate the one point functions as follows
where the "local" terms are local functions of sources whose contributions to two-point functions are contact terms. The explicit expressions of these local terms are given in the appendix E. Using AdS/CFT procedure the higher point correlation functions could also be computed as follows
It is important to note that in order to find the higher order correlation functions one should know the explicit dependence of the response functions on the sources. Actually this explicit form cannot be found from the asymptotic analysis of the equations of motion. Indeed in order to find this dependence one needs to solve exactly the linearized equations of motion (2.17) and (2.16) in the bulk. In general it is not an easy task to solve the corresponding linearized equations and it might not even have an explicit analytic solution. Fortunately in the preset case these equations at the critical point M = −1 can be solve analytically.
Actually at critical value M = −1, the equations (2.16) and (2.17) reduce to
One observes that with the identification k
h vv the above equations are the same as that given in the equation (6.19) of [32] at critical value µ = 1. Similar observation has also been made in Ref. [19] where the linearized equations of motion of MMG have been studied in the transverse traceless gauge. Note that Eq. which reduces to the above identification using Eqs.(2.13) and (2.14) . By making use of this observation one can utilize the full solution of the TMG model obtained in [32] whose near boundary expansions are
Here χ
v are arbitrary functions of the boundary coordinates (u, v), q ≡ √ −4∂ u ∂ v and (∂ i ) −1 denotes an integration with respect to x i . Note that as far as the two-point function of stress tensor are concerned, the above explicit expansions of the full solution are enough.
We have now all ingredients to compute two point functions of the stress tensor T and its logarithmic partner t. To proceed one needs to express the one point functions (5.2) as functions of sources. This can be achieved by substituting the full solution (5.6) into the equation (5.2) leading to
From the identities 9) one can compute derivatives of one point functions with respect to the sources to find two point functions as follows 10) and the correlation of other components are zero. Here B is a constant which can be removed by a field redefinition,
T vv . It is shown that the asymptotic symmetry algebra of MMG model consists of two copies of the Virasoro algebra with central charges [8] (1 + µσ) they become 12) which is consistent with the results given in Eq.(5.10). Let us recall that in our notation the correlation functions of a LCFT are [33] T 
Conclusions
In this paper we have studied holographic renormalization of recently proposed 3D gravitational theory known as MMG [8] in the driebein formalism. In particular we have considered the model at the critical point M = −1 where it exhibits a new logarithmic solution.
To study holographic renormalization of the model for the logarithmic solution one needs to fix both the driebein and its first radial derivative at the boundary. This, in turns, indicates that the driebein and its derivative correspond to sources of two operators with dimension two in the holographic dual field theory. Indeed the dual field theory would be a logarithmic CFT and the corresponding dual operators are holographic stress tensor and its logarithmic partner. Using the holographic renormalization method we have evaluated the correlation functions among different components of these operators which confirm that the dual theory is indeed a logarithmic CFT.
It is important to note that in order to compute the correlation functions of holographic stress tensor and its logarithmic partner one has to make sure that the model has a well-defined variational principle and moreover the on-shell action for the corresponding solution is finite. In general to meet these two conditions one has to add proper boundary terms which include both the Gibbons-Hawking terms as well as certain counterterms. We have seen that as far as the model is concerned at critical point, the standard GibbonsHawking term is enough to have a well-defined variational principle. The full expressions for counterterms have also been presented.
It is also worth noting that using the holographic renormalization we have seen that the model at different limits (α = 0, µ → ∞) and (α = 0, µ → ∞) has the same structure showing that adding the α term to the Einstein-Hilbert would not change the content of the theory.
where in our notation, "A [µ B ν] = A µ B ν − A ν B µ " and "ǫ λµν " is " ± 1" 9 . In our notation, from the first three terms in the above action we have
which is the well-known action of three dimensional gravity [34] .
B Divergent terms of on-shell action
In this appendix we present explicit forms of divergent terms appearing in the on-shell action. Indeed, by making use of (2.25) the divergent terms of the on-shell action (4.3) are found
In our notation ǫ λµν = −eǫ λµν withǫ λµν = 1 √ −g . 10 To simplify these expressions we have assumed that σ 2 = 1. Moreover, throughout this paper we have also assumed that the χ (0) u is sufficiently small. Maple codes containing the calculations may be provided by the authors upon request.
1/r = LRφ 
log(r)/r = QLR χ 
D Local Finite Terms in On-Shell Action
In this appendix , explicit forms of the local terms in the renormalized on-shell action for two cases σ = −1 and σ = 1 are provided.
D.1 σ = −1 
